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Laboratoire de Physique Corpusculaire, Université Blaise Pascal, IN2P3-CNRS, Clermont-Ferrand, F-63177 Aubière, France

J.D. Hansen, J.R. Hansen, P.H. Hansen, B.S. Nilsson, B. Rensch, A. Wäänänen
Niels Bohr Institute, DK-2100 Copenhagen, Denmark9

G. Daskalakis, A. Kyriakis, C. Markou, E. Simopoulou, I. Siotis, A. Vayaki
Nuclear Research Center Demokritos (NRCD), GR-15310 Attiki, Greece

A. Blondel, G. Bonneaud, J.-C. Brient, P. Bourdon, A. Rougé, M. Rumpf, A. Valassi,6 M. Verderi, H. Videau
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R. Berlich, W. Blum, V. Büscher, H. Dietl, G. Ganis, H. Kroha, G. Lütjens, C. Mannert, W. Männer, H.-G. Moser,
S. Schael, R. Settles, H. Seywerd, H. Stenzel, W. Wiedenmann, G. Wolf
Max-Planck-Institut für Physik, Werner-Heisenberg-Institut, D-80805 München, Germanyp

J. Boucrot, O. Callot, S. Chen, A. Cordier, M. Davier, L. Duflot, J.-F. Grivaz, Ph. Heusse, A. Höcker, A. Jacholkowska,
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Abstract. An analysis based on 124 000 selected τ pairs recorded by the ALEPH detector at LEP pro-
vides the vector (V ) and axial-vector (A) spectral functions of hadronic τ decays together with their total
widths. This allows the evaluation of finite energy chiral sum rules that are weighted integrals over the
(V − A) spectral functions. In addition, a precise measurement of αs along with a determination of non-
perturbative contributions at the τ mass scale is performed. The experimentally and theoretically most
robust determination of αs(M2

τ ) is obtained from the (V + A) fit that yields αs(M2
τ ) = 0.334 ± 0.022

giving αs(M2
Z) = 0.1202 ± 0.0027 after the extrapolation to the mass of the Z boson. The approach of

the Operator Product Expansion (OPE) is tested experimentally studying the evolution of the τ hadronic
widths to masses smaller than the τ mass.
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1 Introduction

Observables that give access to the inner structure of
hadronic τ decays are the so-called spectral functions.
These are the invariant mass spectra of the hadronic final
states, normalized to their branching ratios and corrected
for the τ decay kinematics. As parity is maximally violated
in τ decays, its spectral functions have both vector and
axial-vector contributions. The measurement of the non-
strange τ vector (axial-vector) current spectral functions
requires the selection and identification of hadronic τ de-
cay modes with a defined G-parity G = +1 (G = −1), i.e.,
channels with an even (odd) number of neutral or charged
pions. Any difference in the normalization (branching ra-
tios) or the shape between vector and axial-vector spec-
tral functions is necessarily generated by nonperturba-
tive QCD as, e.g., long distance resonance phenomena.
The most prominent are the well-known ρ(770) vector
and a1(1260) axial-vector mesons. For nonperturbative
effects to be studied, a clear experimental separation of
the hadronic τ decay channels into vector and axial-vector
states is necessary. Experimental and conceptual problems
concerning this separation have already been discussed in

21 Now at University of Geneva, 1211 Geneva 4, Switzerland.
22 Supported by the US Department of Energy, grant DE-
FG03-92ER40689.
23 Now at School of Operations Research and Industrial Engi-
neering, Cornell University, Ithaca, NY 14853-3801, USA
24 Now at University of California at Los Angeles (UCLA), Los
Angeles, CA 90024, USA
25 Now at Harvard University, Cambridge, MA 02138, USA
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a previous ALEPH publication of the vector spectral func-
tions and related applications [1].

In this article, the non-strange axial-vector spectral
function is measured and, together with the previously
measured vector spectral function, is used to determine
αs at the scale of the τ mass and to test the underlying
phenomenological approach to low energy QCD. A deter-
mination of αs(M2

τ ) was carried out for the first time by
ALEPH [2] and CLEO [3].

At the quark-parton level and ignoring quark masses,
the branching ratio B(τ → q′q̄ ντ ) is predicted to be 3/5.
Because of gluon radiation and loop effects, the hadronic
branching ratio is increased and its measured value can
thus be used to determine αs. The Operator Product Ex-
pansion (OPE) [4] enables a theoretical prediction of the
inclusive vector/axial-vector τ hadronic width and spec-
tral moments to be made as a function of both αs and non-
perturbative phenomenological operators [5]. These oper-
ators are part of a power series in 1/Mτ and can be deter-
mined experimentally [6]. In this article, the consistency of
the OPE ansatz and the stability of the αs measurement
are studied by comparing data with the theoretical pre-
diction of the τ hadronic width evolved to masses smaller
than the τ mass. Different theoretical approaches to the
perturbative prediction are investigated.

Tests of Quantum Chromodynamics and the measure-
ment of the strong coupling constant αs at the τ mass
scale have been the subject of a large number of publica-
tions (see, e.g., [5–10]).

The paper is organized as follows. After the definition
of the τ vector and axial-vector spectral functions, a brief
introduction of the ALEPH experiment is given and the
measurement procedure is outlined. The vector and axial-
vector spectral functions are exploited in order to test chi-
ral sum rules. Then αs(M2

τ ) is determined and the spectral
moments are used to access the nonperturbative power
corrections to the τ hadronic widths. Finally a test of the
OPE approach is performed with an analysis of the evo-
lution of the τ hadronic widths as a function of a varying
“τ” mass s0 < M2

τ .

2 Spectral functions

The spectral function v1 (a1, a0), where the subscript
refers to the spin J of the hadronic system, is here defined
for a non-strange vector (axial-vector) hadronic τ decay
channel V − ντ (A− ντ ). Subsequently throughout this ar-
ticle the notation V/A will be used to mean vector and
axial-vector, respectively. The spectral function is obtained
by dividing the normalized invariant mass-squared distri-
bution (1/NV/A)(dNV/A/ds) for a given hadronic mass

√
s

by the appropriate kinematic factor

v1(s)/a1(s) ≡ M2
τ

6 |Vud|2 SEW

B(τ− → V −/A− ντ )
B(τ− → e− ν̄eντ )

(1)

× dNV/A

NV/A ds

[(
1 − s

M2
τ

)2 (
1 +

2s

M2
τ

)]−1

,

a0(s) ≡ M2
τ

6 |Vud|2 SEW

B(τ− → π− ντ )
B(τ− → e− ν̄eντ )

dNA

NA ds

×
(

1 − s

M2
τ

)−2

, (2)

where |Vud| = 0.9752 ± 0.0007 [11] denotes the CKM
weak mixing matrix element and SEW = 1.0194 ± 0.0040
accounts for electroweak radiative corrections [12] (see
also the discussion in [16]). Due to the conserved vec-
tor current, there is no J = 0 contribution to the vec-
tor spectral function, while the only contribution to a0
is assumed to be from the pion pole. It is connected via
PCAC to the pion decay constant, a0, π(s) = 4π2f2

π δ(s −
m2

π). The spectral functions are normalized by the ra-
tio of the vector/axial-vector branching fraction B(τ− →
V −/A− ντ ) to the branching fraction of the massless lep-
tonic, i.e., electron, channel

B(τ− → e− ν̄eντ ) = (17.794 ± 0.045)% , (3)

where the value includes the improvement in accuracy
provided by the universality assumption of leptonic cur-
rents together with the measurements B(τ− → e− ν̄eντ ) =
(17.83±0.08)% [11], B(τ− → µ− ν̄µντ ) = (17.30±0.09)%
[13,14] and the τ lifetime ττ = (290.0 ± 1.2) fs [15]. The
τ mass of Mτ = 1776.96+0.31

−0.27 MeV/c2 is taken from the
BES measurement [17].

Using unitarity and analyticity, the spectral functions
of hadronic τ decays are connected to the imaginary part
of the two-point correlation (or hadronic vacuum polariza-
tion) functions [5,8] Πµν

ij,U (q) ≡ i
∫

d4x eiqx

〈0|T (Uµ
ij(x)Uν

ij(0)†)|0〉 = (−gµνq2 + qµqν) Π
(1)
ij,U (q2)

+qµqν Π
(0)
ij,U (q2) of vector (Uµ

ij ≡ V µ
ij = q̄jγ

µqi) or axial-
vector (Uµ

ij ≡ Aµ
ij = q̄jγ

µγ5qi) colour-singlet quark cur-
rents in corresponding quantum states and for time-like
momenta-squared q2 > 0. Lorentz decomposition is used
to separate the correlation function into its J = 1 and
J = 0 parts. Thus, using the definition (1), one identifies
for non-strange quark currents

Im Π
(1)
ūd,V/A(s) =

1
2π

v1/a1(s) ,

Im Π
(0)
ūd,A(s) =

1
2π

a0(s) , (4)

which provide the basis for comparing theory with data.

3 The ALEPH detector

The ALEPH detector provides both tracking and calori-
metric information over almost the full solid angle. The
features relevant for this analysis are briefly mentioned
here, while a detailed description of its components and
performance can be found in [18,19].

The momentum of charged particles is reconstructed
using the information given by three tracking devices im-
mersed in a 1.5 T axial magnetic field: a double-sided sil-
icon microstrip vertex detector, an eight-layer axial wire
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chamber, and a large time projection chamber (TPC) pro-
viding up to 21 space points for tracks of charged parti-
cles and up to 338 measurements of the ionization loss
(dE/dx). The transverse momentum resolution achieved
is ∆(1/pT) ' 0.6 × 10−3 (GeV/c)−1.

The electromagnetic calorimeter (ECAL), located in-
side the magnetic coil, is formed of a barrel surrounding
the TPC, closed at each end by an endcap. It consists
of 45 layers of a total thickness of 22 radiation lengths.
The energy and position of a shower is read out using
cathode pads with dimensions 3 × 3 cm2, arranged to
form towers pointing to the interaction zone; each tower
is read out in three segments in depth corresponding to
4, 9, and 9 radiation lengths. The energy resolution is
∆E/E ' 18%/

√
E (GeV ) + 0.9%. There are 74 000 such

towers, with an average granularity of 0.9◦×0.9◦. The in-
active zones (“cracks”) between the ECAL modules rep-
resent 2% of the total solid angle in the barrel and 6%
in the endcaps. The fine granularity and the longitudinal
segmentation of the calorimeter play an important role in
the photon and neutral pion reconstruction, and in the
identification of fake photons produced by hadronic inter-
actions of charged hadrons or by signal fluctuations from
electromagnetic showers.

The hadron calorimeter (HCAL) has 23 layers of iron
absorber each 5 cm thick interleaved with limited streamer
tubes 9×9 mm2 in cross section. The tower read-out is
built from pads with an angular size of 3.7◦×3.7◦. Strips
running along the tubes provide a digital readout giving
a two-dimensional view of the development of hadronic
showers and muon trajectories.

Finally, muons are also detected by two double layers
of streamer tubes outside the HCAL.

The trigger efficiency is measured to be better than
99.99% for the selection cuts of this analysis.

Tau pair events produced at the Z mass peak are sim-
ulated using the standard Monte Carlo program KORALZ
[20–22] and passed through a full detector simulation
based on GEANT [23]. Electromagnetic showers are sim-
ulated according to parametrizations obtained from test
beam data [18]. Several tests and corrections of the de-
tector simulation have been carried out within the scope
of this analysis to assure its reliability and to estimate
systematic uncertainties [24].

4 The measurement procedure

The measurement of the spectral functions defined in (1)
requires the determination of the physical invariant mass-
squared distribution. The details of the analysis are re-
ported in [1]. In the following, a brief outline of the im-
portant steps of the measurement procedure is given:

Tau pairs originating from Z0 decays are detected
utilizing their characteristic collinear jet signature and the
low multiplicity of their decays. Using the data from 1991–
1994, a total of 124 358 τ pairs is selected corresponding to
a detection efficiency of (78.84±0.13)%. The overall non-τ
background contribution in the hadronic modes amounts

to (0.6±0.2)%. Details about the ALEPH τ pair selection
are given in [25,13,26].

Charged particles (electrons, muons and hadrons)
are identified employing a maximum likelihood method
to combine different and essentially uncorrelated informa-
tion measured for each individual track. Discriminating
variables used are the specific ionization loss, dE/dx, the
transverse and longitudinal shower profile of the energy
deposition in the ECAL, the average width of hadronic
showers and the number of hits in the HCAL and the muon
chambers. The procedure and the discriminating variables
used in this analysis are described in [27,13]. The mo-
mentum calibration of charged tracks is performed using
e+e−→ µ+µ− events and using the invariant mass mea-
surement of well-known, narrow resonances at low and in-
termediate energies. The resulting calibration uncertainty
amounts to less than 0.1%.

Photons are reconstructed by collecting associated
energetic electromagnetic calorimeter (ECAL) towers,
forming a cluster. To distinguish genuine photons from
fake photons a likelihood method is applied using ECAL
information, e.g., the fraction of energy in the ECAL
stacks, the transverse size of the shower or the distance be-
tween the barycentre of the cluster and the closest charged
track. The energy calibration is performed using electrons
originating from Bhabha, τ and two-photon events. A rel-
ative calibration uncertainty of about 1.5% at low energy,
1% at intermediate energies and 0.5% at high energy is
obtained.

The π0 f inder uses a π0-mass constraint fit to at-
tribute two reconstructed photons to the corresponding
π0 decay. At higher π0 energy, the opening angle between
the boosted photons tends to become smaller than the
calorimeter resolution so that the two electromagnetic
showers are often merged in one cluster. The transverse
energy distribution in the ECAL nevertheless allows the
computation of energy-weighted moments providing a
measure of the two-photon invariant mass. Remaining
photons are considered as originating from a π0 where
the second photon has been lost.

The classif ication of the inclusive hadronic τ decay
channels is performed according to [26] on the basis of
the number of reconstructed charged and neutral pions.
The exclusive channels listed in Table 1 are obtained by
subtracting the τ and non-τ background and the strange
contribution from the inclusive measurements using the
Monte Carlo simulation. In order to extract the physical
invariant mass spectra from the measured ones they need
to be unfolded from the effects of measurement distortion.

The unfolding method used here is based on the
regularized inversion of the detector response matrix, ob-
tained from the Monte Carlo simulation, using the Sin-
gular Value Decomposition technique. The regularization
function applied minimizes the average curvature of the
distribution. The optimal choice of the regularization
strength is found by means of the Monte Carlo simula-
tion where the true distribution is known. Details about
the method are published in [28].
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4.1 Systematic errors

The study of systematic errors affecting the measurement
is subdivided into several classes according to their ori-
gin, viz., the photon and π0 reconstruction, the charged
track measurement, the unfolding procedure and addi-
tional sources. Since an unfolding procedure based upon
a detector response matrix from the Monte Carlo simu-
lation is used, the reliability of the simulation has to be
subjected to detailed studies [1,26].

In order to check the photon reconstruction in the
ECAL, the influence of calibration and resolution uncer-
tainties is studied as well as possible variations on the
reference distributions of a likelihood procedure used to
veto fake photon candidates. The energy distribution of
fake photons and the photon detection efficiency, both at
threshold energies (Ethresh

γ = 300 MeV) and in the neigh-
bourhood of charged tracks, are also investigated.

Similarly, the effects of momentum calibration and
resolution uncertainties in the reconstruction of charged
tracks are checked, accompanied by tests of the recon-
struction efficiency of highly collimated multi-prong
events, and the simulation of secondary nuclear interac-
tions.

In addition, systematic errors introduced by the un-
folding procedure are tested by comparing known, true
distributions to their corresponding unfolded ones and by
varying the regularization conditions.

Finally, systematic errors due to the limited Monte
Carlo statistics and to uncertainties in the branching ra-
tios are added.

In order to illustrate the importance of these system-
atic uncertainties, one may perform an integration over
the spectral functions with some given kernel, character-
istic of a given physical problem. The integration error is
then obtained by Gaussian error propagation taking into
account the correlations. Using moderately s-dependent
integration kernels, the integration error is dominated by
normalization uncertainties, i.e., the errors on the con-
tributing τ branching ratios. However, the error on an
integration with a strongly s-dependent weighting kernel
enhancing the low energy parts of the spectral functions is
dominated by systematics (mainly due to the fake photon
rejection and the photon efficiency correction at thresh-
old), while the central energy region (0.6 – 1.4 GeV2/c4)
is statistically limited. When enhancing the higher part of
the spectrum, the integration error is equally dominated
by uncertainties due to the unfolding process, and by lim-
ited data and Monte Carlo statistics.

4.2 Invariant mass spectra and spectral functions

The above measurement procedure provides the physical
invariant mass spectra of the measured τ decay modes in-
cluding their bin-to-bin covariance matrices obtained, af-
ter the unfolding of the spectra, from the statistical errors
and the study of systematic uncertainties.

The exclusive vector and axial-vector τ decay chan-
nels are listed in Table 1. Unless otherwise specified, their

τ– → (V–, I=1) ντ
parton model prediction

perturbative QCD (massless)

ππ0

π3π0, 3ππ0, 6π

ωπ (corr.), ηππ0 (corr.), KK0 (MC)

KK-bar π (MC)

KK-bar ππ (MC)

Mass2  (GeV/c2)2
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Fig. 1. Total vector spectral function. The shaded areas in-
dicate the contributions from the exclusive τ vector channels,
where the shapes of the contributions labeled “MC” are taken
from the Monte Carlo simulation. The lines show the predic-
tions from the naive parton model and from massless pertur-
bative QCD using αs(M2

Z) = 0.120

branching ratios are taken from ALEPH publications [26,
29] applying small corrections taking into account new
ALEPH results on branching fractions of τ decay modes
involving kaons [30]: the latter are listed in the Appendix.
In some cases, additional information is taken from the
Particle Data Group [11] as described in [1]. The indi-
vidual fractions have been refitted so that the sum of all
hadronic and leptonic branching ratios adds up to 100%,
where the latter are derived from (3) assuming universal-
ity of the lepton couplings. This normalization slightly
modifies the values given in the above references. The
branching ratios of the subsequent meson decays are taken
from [11]. The two-, four- and, in part, the six-pion modes
are exclusively reconstructed. Special care is taken with
isospin-violating ω and η decays, and with kaon pair pro-
duction.

4.3 The total vector spectral function

The complete inclusive τ vector spectral function and its
contributions are shown in Fig. 1. The dashed line de-
picts the naive parton model prediction while the massless
QCD prediction [37] using αs(M2

Z) = 0.120 (solid line) lies
roughly 14% higher at M2

τ . One observes that at s ∼ M2
τ

the inclusive τ vector spectral function is larger than the
QCD prediction, i.e., the asymptotic region is not reached.

The two- and four-pion final states are measured ex-
clusively, while the six-pion state is only partly measured.
The total six-pion branching ratio has been determined



ALEPH Collaboration: Measurement of the axial-vector τ spectral functions 415

Table 1. Vector and axial-vector hadronic τ decay modes with their
contributing branching fractions. The branching ratios shown are refitted
so that the compilation of all τ decay channels sums up to one. Further
information about the branching ratios involving kaons used is given in
the Appendix

Vector BR (in %) Axial-Vector BR (in %)
π−π0 ντ 25.34 ± 0.19 π− ντ 11.23 ± 0.16
π−3π0 ντ 1.18 ± 0.14 π−2π0 ντ 9.23 ± 0.17
2π−π+π0 ντ 2.42 ± 0.09 2π−π+ ντ 9.15 ± 0.15
π−5π0 ντ π−4π0 ντ 0.03 ± 0.03(1)

2π−π+3π0 ντ

}
0.04 ± 0.02(1) 2π−π+2π0 ντ 0.10 ± 0.02

3π−2π+π0 ντ 3π−2π+ ντ 0.07 ± 0.01
ω π− ντ

(2) 1.93 ± 0.10 ω π−π0 ντ
(2) 0.39 ± 0.11

η π−π0 ντ
(3) 0.17 ± 0.03 η 2π−π+ ντ 0.04 ± 0.01

– – η π−2π0 ντ 0.02 ± 0.01
K−K0 ντ 0.19 ± 0.04 – –
K−K+π− ντ 0.08 ± 0.08 K−K+π− ντ 0.08 ± 0.08
K0K̄0π− ντ 0.08 ± 0.08(1) K0K̄0π− ντ 0.08 ± 0.08
K−K0π0 ντ 0.05 ± 0.05 KK0π0 ντ 0.05 ± 0.05
KK̄ππ ντ 0.08 ± 0.08(1) KK̄ππ ντ 0.08 ± 0.08(1)

Total Vector 31.58 ± 0.29 Total Axial-Vector 30.56 ± 0.30

1 The branching ratio is obtained using constraints from isospin sym-
metry (see text and [1])
2 Through ω → π−π+π0, 88.8% of this channel is reconstructed in
2π−π+π0 ντ and 2π−π+2π0 ντ , respectively
3 Through η → 2γ, 39.3% of this channel is reconstructed in π−3π0 ντ

Data
MC
MC –
τ backgr.

τ– → 2π–π+ ντ

E
ve

nt
s / 0.

05
 (

G
eV

/c2 )2

τ– → π–2π0 ντ

Mass2   (GeV/c2)2

ALEPH

0

200

400

600

800

1000

1200

0

200

400

600

800

1000

1200

0 0.5 1 1.5 2 2.5 3 3.5

1

10

10 2

1.5 2 2.5 3

1

10

10 2

1.5 2 2.5 3

Fig. 2. Invariant mass-squared distributions of the decays
τ−→ 2π−π+ ντ and τ−→ π−2π0 ντ

in [1] using isospin symmetry. However, one has to account
for the fact that the six-pion channel is contaminated
by isospin-violating τ−→ η 2π−π+ ντ , η π−2π0 ντ decays.

These were reported for the first time by the CLEO Col-
laboration [31].

The small fraction of the ω π− ντ decay channel that
is not reconstructed in the four-pion final state is added
using the simulation. Similarly, one corrects for η π−π0 ντ

decay modes other than η → 2γ which is classified in the
h−3π0 ντ final state, since the two photon mass is inconsis-
tent with the π0 mass so that each photon is reconstructed
as a π0.

The K− K0 ντ mass distribution is taken entirely from
the simulation. The KK̄π modes are conservatively as-
sumed to be (50±50)% vector and axial-vector. The corre-
sponding spectral functions are obtained from the Monte
Carlo simulation. This is further discussed in [1]. Taking
both vector and axial-vector parts as (50± 50)%, the vec-
tor part of the total KK̄ππ branching ratio is estimated
to be (0.08 ± 0.08)%.

The invariant mass spectra of the small contributions
labeled “MC” in Figs. 1 and 5 are taken from the Monte
Carlo simulation accompanied by a channel-dependent
systematic error of up to 50% of the bin entry.

4.4 Axial-vector spectral functions

Exclusively measured axial-vector modes are the three-
pion final states, occurring in both 2π−π+ ντ and
π−2π0 ντ , and the five-pion modes 3π−2π+ ντ and
2π−π+2π0 ντ . The corresponding invariant mass-squared
spectra before unfolding are depicted for data and Monte



416 ALEPH Collaboration: Measurement of the axial-vector τ spectral functions

τ– → 3π– 2π+ ντ ALEPH

Mass2   (GeV/c2)2

E
ve

nt
s / 0.

1 
(G

eV
/c2 )2

τ– → 2π– π+ 2π0 ντ ALEPH

Mass2   (GeV/c2)2
E

ve
nt

s / 0.
1 

(G
eV

/c2 )2

0

5

10

15

20

0 1 2 3
0

50

100

150

200

0 1 2 3

Fig. 3. Invariant mass-squared distribu-
tions of the decays τ− → 3π−2π+ ντ and
τ− → 2π−π+2π0 ντ . The points are the
ALEPH data, the histograms represent the
simulation and the hatched areas are the
expected τ background distributions ac-
cording to the simulation
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Fig. 4. Unfolded (physical) invariant mass-squared spectra of
the τ final states 2π−π+ ντ and π−2π0 ντ and their weighted
average

Carlo simulation in Figs. 2 and 3. The small shoulder seen
in the measured 2π−π+ ντ spectrum around 0.3 GeV2

mass-squared (upper plot in Fig. 2) stems from decays
where only two tracks are reconstructed and the invari-
ant mass as a result is underestimated. Due to incomplete
ECAL energy collection, the measured π−2π0 ντ distribu-
tion is slightly shifted to lower masses. These features are
well reproduced by the detector simulation.

For both three-pion decay modes, the τ decay library
TAUOLA1.5 is used as physics input for the detector sim-
ulation. It employs the Kühn-Santamaria parametrization
[38] based on a dominant large a−

1 (1260) resonance,
Γa1(1260) = 0.4 GeV/c2, which decays into ρ−(770)π0 →
π−2π0 or ρ0(770)π− → 2π−π+ with interference between
the two ρπ combinations. Scalar contributions to the three
pion decay, e.g., π(1300) → ρπ, suppressed by the PCAC
theorem and by angular momentum considerations, are
neglected in this model. However, the measurement of the
spectral functions and in particular the unfolding proce-
dure is essentially independent of the physics input into
the simulation.

Figure 4 shows the unfolded 2π−π+ ντ and π−2π0 ντ

mass spectra with reasonable agreement in form and nor-
malization (χ2 = 41.4 per 59 degrees of freedom). In
the following both channels are assumed to have identi-
cal spectra so that it is appropriate to use the weighted

τ– → (A–, I=1) ντ

parton model prediction

perturbative QCD (massless)

π2π0, 3π

π4π0, 3π2π0, 5π

KK-bar π (MC)
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Fig. 5. Total inclusive τ axial-vector current spectral function
(without the pion pole). The lines show the prediction from the
naive parton model and from massless perturbative QCD using
αs(M2

Z) = 0.120

average of the distributions for the inclusive axial-vector
spectral function1.

1 The weighted average is calculated between two intrinsi-
cally correlated distributions. The averaged distribution k with
bin entries ki, i = 1, . . . , Nbin is defined to minimize χ2 =
(x(−−+) −k)C−1

(−−+)(x(−−+) −k)+(x(−00) −k)C−1
(−00)(x(−00) −

k) , where the indices denote the charges of the τ final states,
x are the mass-squared distributions and C−1 the correspond-
ing inverted covariance matrices. The weighted average is then
the solution of the system of linear equations x(−−+)C

−1
(−−+) +

x(−00)C
−1
(−00) = k(C−1

(−−+)+C−1
(−00)) , and the covariance matrix

of the average satisfies C−1
k = C−1

(−−+) + C−1
(−00)
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4.4.1 The inclusive τ axial-vector spectral function

In complete analogy to the vector spectral function the in-
clusive axial-vector spectral function is obtained by sum-
ming up the exclusive axial-vector spectral functions with
the addition of small unmeasured modes taken from the
Monte Carlo simulation. The right column of Table 1 gives
a compilation of the exclusive axial-vector branching ra-
tios used:

– The five-pion spectral functions are only measured
in the 2π−π+2π0 ντ and 3π−2π+ ντ final states. Us-
ing Pais’ isospin classes [39], the branching fraction of
π−4π0 ντ can be bounded entirely using the 3π−2π+ ντ

branching fraction: Bπ±4π0 ≤ 3/4 × B5π± = 0.054%.
Half of this upper limit is taken with an error of 100%.

– As in the vector case, the small fraction of the
ω π−π0 ντ decay channel that is not accounted for in
the 2π−π+2π0 ντ final state is added from the simula-
tion.

– Also considered are the axial-vector η (3π)− ντ final
states [31]. CLEO observed that the dominant part of
it issues from the τ−→ f1(1285)π− intermediate state,
with B(τ− → f1π− ντ ) = (0.068 ± 0.030)%, measured
in the f1 → η π+π− and f1 → η π0π0 decay modes [31].
Since the f1 meson is isoscalar, the branching ratios re-
late as B(τ− → η 2π−π+ ντ ) = 2 × B(τ− →
η π−2π0 ντ ). The distributions are taken from the ordi-
nary six-pion phase space simulation accompanied by
large systematic errors.

– The KK̄π and KK̄ππ final states contribute with (50±
50)% to the inclusive axial-vector spectral function,
with full anticorrelation to the inclusive vector spectral
function. Both invariant mass distributions are taken
from the simulation.

The total inclusive axial-vector spectral function is
plotted in Fig. 5 together with the naive parton model and
the massless, perturbative QCD prediction. One observes
that the asymptotic region is apparently not reached at
the τ mass scale.

4.5 The (v1 ± a1) spectral functions

For the total (v1 +a1) hadronic spectral function one does
not have to distinguish the current properties of the non-
strange hadronic τ decay channels. Hence the mixture of
all contributing non-strange final states is measured in-
clusively using the following procedure.

The two- and three-pion final states dominate and
their exclusive measurements are added with proper ac-
counting for the correlations. The remaining contributing
topologies are treated inclusively, i.e., without separation
of the vector and axial-vector decay modes. This reduces
the statistical uncertainty. The effect of the feedthrough
between τ final states on the invariant mass spectrum is
described by the Monte Carlo simulation and thus cor-
rected in the data unfolding. In this procedure the simu-
lated mass distributions are iteratively corrected using the

τ– → (V,A, I=1) ντ
parton model prediction

perturbative QCD (massless)
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0

0.5

1

1.5

2

2.5

0 0.5 1 1.5 2 2.5 3 3.5

Fig. 6. Inclusively measured vector plus axial-vector (v1 +a1)
spectral function and predictions from the parton model and
from massless perturbative QCD using αs(M2

Z) = 0.120

exclusive vector/axial-vector unfolded mass spectra. An-
other advantage of the inclusive (v1 + a1) measurement is
that one does not have to separate the vector/axial-vector
currents of the KK̄π and KK̄ππ modes. The (v1+a1) spec-
tral function is depicted in Fig. 6. The improvement in
precision in comparison to an exclusive sum of Fig. 1 and
Fig. 5 is obvious at higher mass-squared. One clearly sees
the oscillating behaviour of the spectral function but, un-
like the vector/axial-vector spectral functions, this does
approximately reach the asymptotic limit predicted by
perturbative QCD at s → M2

τ .
In the case of the (v1−a1) spectral function, uncertain-

ties on the V/A separation are reinforced due to their com-
plete anticorrelation. In addition, anticorrelations given in
[26] between τ final states with adjacent numbers of pi-
ons increase the errors. The (v1 − a1) spectral function is
shown in Fig. 7. The oscillating behaviour of the respec-
tive v1 and a1 spectral functions is emphasized and the
asymptotic behaviour is clearly not attained at M2

τ .

5 Chiral sum rules

The application of chiral symmetry leads to low energy
sum rules involving the difference of vector and axial-
vector spectral functions by virtue of the optical theorem.
These sum rules are dispersion relations between real and
absorptive parts of a two-point correlation function that
transforms symmetrically under SU(2)L × SU(2)R in the
case of non-strange currents. Corresponding integrals are:

1
4π2

s0→∞∫
0

ds
1
s

[v1(s) − a1(s)] = f2
π

〈r2
π〉
3

− FA , (5)
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τ– → (V,A, I=1) ντ
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Fig. 7. Inclusively measured vector minus axial-vector (v1 −
a1) spectral function. In the parton model as well as in pertur-
bative QCD vector and axial-vector contributions are degener-
ate

1
4π2

s0→∞∫
0

ds [v1(s) − a1(s)] = f2
π , (6)

1
4π2

s0→∞∫
0

ds s [v1(s) − a1(s)] = 0 , (7)

1
4π2

s0→∞∫
0

ds s ln
s

λ2 [v1(s) − a1(s)] = −4πf2
π

3α

×(m2
π± − m2

π0) .(8)

Equation (5) is known as the Das-Mathur-Okubo (DMO)
sum rule [32]. It relates the given integral to the square
of the pion decay constant fπ = (92.4 ± 0.3) MeV [11]
obtained from the decays π− → µ−ν̄µ and π− → µ−ν̄µγ,
to the pion axial-vector form factor FA for radiative de-
cays π− → `−ν̄`γ, and to the pion charge radius-squared
〈r2

π〉 = (0.439 ± 0.008) fm2 obtained from a one parame-
ter fit to space-like data [33]. Equations (6) and (7) are
the first and the second Weinberg sum rules (WSR) [34].
When switching quark masses on, only the first WSR re-
mains valid while the second WSR breaks down due to
contributions from the difference of non-conserved vec-
tor and axial-vector currents of order m2

q/s, leading to a
quadratic divergence of the integral. Equation (8) repre-
sents the electromagnetic splitting of the pion masses [35].
Although apparently containing an arbitrary renormaliza-
tion scale λ, the sum rule is actually independent of λ by
virtue of the second WSR (7). Only for s0 values for which
(7) has not reached convergence does (8) maintains its λ
dependence.

The above integrals are calculated with variable upper
integration bounds s0 ≤ M2

τ using the spectral functions
and their respective covariance matrices in order to pro-
vide a straightforward gaussian error propagation taking
into account the strong bin-to-bin correlations of the spec-
tral functions. Also considered are the anticorrelations be-
tween v1 and a1,0 due to the estimates of the vector/axial-
vector parts of the final states KK̄π and KK̄ππ and the τ
hadronic branching ratios.

The sum rules (5)–(8) versus the upper integration
bound s0 ≤ M2

τ are plotted in Figs. 8a–d. The horizontal
band depicts the corresponding chiral predictions of the
integrals taken from [36]. One observes that only for the
DMO sum rule (Fig. 8a), for which contributions from
higher mass-squares are suppressed, does the saturation
within the one sigma error seem to occur at the τ mass
scale. The other sum rules (Fig. 8b,c) are apparently not
saturated at M2

τ (non-zero slope) as indicated by the non-
vanishing (v1 − a1) spectral function at the end of the τ
phase space (Fig. 7) and its oscillatory behaviour. More
quantitative studies of the sum rules can be found in [24].

6 The measurement of αs(M2
τ )

The measurement of αs(M2
τ ) presented in this section

adopts a method based on a simultaneous fit of QCD
parametrizations with perturbative and nonperturbative
components to the ratio Rτ defined as

Rτ =
Γ (τ− → hadrons− ντ )

Γ (τ− → e− ν̄eντ )
, (9)

and to the spectral moments defined below (Sect. 6.4). It
was proposed by F. Le Diberder and A. Pich [6] and has
been employed in previous analyses by the ALEPH [2] and
CLEO [3] Collaborations.

6.1 Theoretical prediction for Rτ

According to (4) the imaginary parts of the vector and
axial-vector two-point correlation functions Π

(J)
ūd,V/A(s),

with the spin J of the hadronic system, are proportional
to the τ hadronic spectral functions with corresponding
quantum numbers. The non-strange ratio Rτ can be writ-
ten as an integral of these spectral functions over the in-
variant mass-squared s of the final state hadrons [5]:

Rτ (s0) = 12πSEW

s0∫
0

ds

s0

(
1 − s

s0

)2 [(
1 + 2

s

s0

)

×ImΠ(1)(s + iε) + ImΠ(0)(s + iε)

]
, (10)

where Π(J) can be decomposed as Π(J) = |Vud|2
×
(
Π

(J)
ud,V + Π

(J)
ud,A

)
. The correlation function Π(J) is ana-

lytic in the complex s plane everywhere except on the pos-
itive real axis where singularities exist. Hence by Cauchy’s
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Fig. 8. Sum rules corresponding to (5)–(8) (plots: a–d) versus the upper integration bound s0

theorem, the imaginary part of Π(J) is proportional to the
discontinuity across the positive real axis.

The energy scale s0 for s0 = M2
τ is large enough that

contributions from nonperturbative effects be small. It is
therefore assumed that one can use the Operator Product
Expansion (OPE) to organize perturbative and nonper-
turbative contributions to Rτ (s0). The factor (1 − s/s0)2
suppresses the contribution from the region near the pos-
itive real axis where Π(J)(s) has a branch cut and OPE
validity is restricted [40].

The theoretical prediction of the vector and axial-
vector ratio Rτ,V/A can thus be written as:

Rτ,V/A =
3
2
|Vud|2SEW

(
1 + δ(0) + δ′

EW + δ
(2−mass)
ud,V/A

+
∑

D=4,6,...

δ
(D)
ud,V/A

)
, (11)

with the residual non-logarithmic electroweak correction
δ′
EW = 0.0010 [41], neglected in the following, and the di-

mension D = 2 contribution δ
(2−mass)
ud,V/A from quark masses

which is lower than 0.1% for u, d quarks. The term δ(0)

is the purely perturbative contribution, while the δ(D) are

the OPE terms in powers of s
−D/2
0 :

δ
(D)
ud,V/A =

∑
dimO=D

Cud,V/A(s, µ)
〈Oud(µ)〉V/A

(−s0)D/2 , (12)

where the parameter µ separates the long-distance non-
perturbative effects, absorbed into the vacuum expecta-
tion elements 〈Oud(µ)〉, from the short-distance effects
which are included in the Wilson coefficients
Cud,V/A(s, µ) [42].

6.2 Perturbative prediction

The perturbative prediction adopted in this analysis fol-
lows in detail [7]. The perturbative contribution is given
in the chiral limit. Effects from quark masses have been
calculated in [43] and are found to be well below 1% for
the light quarks. Thus the contributions from vector and
axial-vector currents coincide to any given order of per-
turbation theory and the results are flavour independent.

The perturbative contribution in (11) is then given
by [7]

1 + δ(0) =
3∑

n=0

KnA(n)(αs) , (13)
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with K0 = K1 = 1, K2 = 1.63982 and K3 = 6.37101 for
three active flavours in the MS scheme [37]. The
coefficients Kn are known up to three-loop order α3

s and
for n ≥ 2 they depend on the renormalization scheme em-
ployed. The functions A(n)(αs) in (13) are the contour
integrals

A(n)(αs) =
1

2πi

∮
|s|=s0

ds

s

[
1 − 2

s

s0
+ 2

(
s

s0

)3
−
(

s

s0

)4]

×
(

αs(−s)
π

)n
, (14)

where the contour runs counter clockwise around the cir-
cle from s0 + iε to s0 − iε. The strong coupling constant
in the vicinity of s0 can be expanded in powers of αs(s0),
with coefficients that are polynomials in ln(s/s0) [5]. The
perturbative prediction becomes then a function of the
Kn coefficients and elementary integrals. Up to fourth
order the fixed-order perturbation theory (FOPT) expan-
sion reads

1 + δ
(0)
E = 1 +

αs(s0)
π

+ 5.2023
(

αs(s0)
π

)2
(15)

+26.366
(

αs(s0)
π

)3
+ (K4 + 78.00)

(
αs(s0)

π

)4
,

with the unknown K4 coefficient.
Another approach to the solution of the contour inte-

gral (14) is to perform a direct numerical evaluation using
the solution of the renormalization group equation (RGE)
to four-loops [44] as input for the running αs(−s) [45,
7]. It provides a resummation of all known higher order
logarithmic integrals and improves the convergence of the
perturbative series. While, for instance, the third order
term in the expansion (15) contributes with 17% to the
total (truncated) perturbative prediction, the correspond-
ing term of the numerical solution amounts only to 6.6%
(assuming αs(M2

τ ) = 0.35). This numerical solution of
(13) will be referred as contour-improved fixed-order per-
turbation theory (FOPTCI) in the following.

Despite a number of arguments expressed in [7], the
intrinsic ambiguity between FOPT and FOPTCI is unre-
solvable at present. This is due to the truncation of the
perturbative approximation of δ(0) at finite order in αs. A
conservative measure of this ambiguity is obtained from
the deviation in Rτ found when cutting all additional or-
ders in αs (which is FOPT) and keeping them (FOPTCI),
respectively. Both methods are likewise considered in this
analysis.

6.3 Nonperturbative contributions

Following SVZ [4], the first contribution to Rτ (s0) beyond
the D = 0 perturbative expansion is the non-dynamical
quark mass correction of dimension D = 2, i.e., corrections
in powers of 1/s0. They have been calculated up to next-
to-leading order αs [46].

The dimension D = 4 operators have dynamical con-
tributions from the gluon condensate 〈(αs/π)GG〉 and
quark condensates mu〈0|ūu|0〉, md〈0|d̄d|0〉 of the light u, d
quarks. Remaining D = 4 operators are the running quark
masses to the fourth power. The contribution of the gluon
condensate to Rτ,V/A vanishes in first order αs(s0). How-
ever, there appear second order terms in the Wilson
coefficients due to the logarithmic s dependence of αs(s)
which after performing the integral (10) becomes α2

s(s0).
The contributions from dimension D = 6 operators

are rather complex. The large number of independent op-
erators of the four-quark type occurring can be reduced
by means of the vacuum saturation approximation [4,5]
to leading order αs. The operators are then expressed as
products of scale dependent two-quark condensates of the
type αs(µ)〈q̄iqi(µ)〉〈q̄jqj(µ)〉. Since the vacuum saturation
approximation is a simplifying assumption, possible devi-
ations are accounted for by introducing an effective scale
independent operator of the form ραs〈q̄q〉2 that is fit to
the data.

The dimension D = 8 contribution has a structure of
non-trivial quark-quark, quark-gluon and four-gluon con-
densates the explicit form of which is given for the vec-
tor case in [47]. For the theoretical prediction of Rτ (s0)
used here, the complete long and short distance part is
absorbed into the scale invariant phenomenological D = 8
operator 〈O8〉.

Higher order contributions from D ≥ 10 operators are
expected to be small as, equivalent to the gluon conden-
sate, constant terms and terms in leading order αs vanish
in (10) after integration.

The formulae are taken entirely from [5], in which (10)
is evaluated after the power terms (12) are inserted into
the integral.

6.4 Spectral moments

It was shown in [6] that it is possible to benefit from the
information provided by the explicit shape of the spec-
tral functions in order to obtain additional constraints on
αs(s0) and – more importantly – on the nonperturbative
condensates. The spectral moments at M2

τ are defined as:

Rkl
τ,V/A ≡

M2
τ∫

0

ds

(
1 − s

M2
τ

)k (
s

M2
τ

)l dRτ,V/A

ds
, (16)

with R00
τ,V/A = Rτ,V/A. The factor (1− s/M2

τ )k suppresses
the integrand at the crossing of the positive real axis where
the validity of the OPE is less certain and the experimental
accuracy is statistically limited. Its counterpart (s/M2

τ )l

projects out higher energies. The new spectral information
is used to fit simultaneously αs(M2

τ ) and the phenomeno-
logical operators 〈(αs/π)GGD=4〉, 〈OD=6〉 and 〈OD=8〉.
Due to the intrinsic strong correlations only five moments
are used as input to the fits.

In analogy to Rτ the contributions to the moments
originating from perturbative and nonperturbative QCD
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are separated via the OPE. The prediction of the pertur-
bative contribution takes then the form

δ(0,kl) =
3∑

n=1

KnA(n,kl)(αs) , (17)

with contour integrals A(n,kl)(αs) [6] that are expanded up
to α3

s(s) (FOPT) or numerically resolved for the running
αs(−s) obtained from the RGE (FOPTCI).

In the chiral limit and neglecting the logarithmic s de-
pendence of the Wilson coefficients, the dimension D =
2, 4, 6, 8 nonperturbative contributions to the moments
read

δ
(D,kl)
ud,V/A = 8π2




(D = 2) (D = 4) (D = 6) (D = 8) (k, l)
1 0 −3 −2 (0, 0)
1 1 −3 −5 (1, 0)
0 −1 −1 3 (1, 1)
0 0 1 1 (1, 2)
0 0 0 −1 (1, 3)




×
∑

dimO=D

C(µ)
〈O(µ)〉
MD

τ

, (18)

where the matrix is defined by the choice of the
coefficients for the moments k = 1, l = 0, 1, 2, 3. It can
be seen that with increasing weight l the low dimension
operators give no contributions.

For practical purpose it is more convenient to define
moments that are normalized to the corresponding Rτ,V/A

in order to decouple the normalization from the shape of
the τ spectral functions:

Dkl
τ,V/A ≡

Rkl
τ,V/A

Rτ,V/A
(19)

=

M2
τ∫

0

ds

(
1 − s

M2
τ

)k (
s

M2
τ

)l 1
NV/A

dNV/A

ds
.

There now exist two sets of experimentally almost un-
correlated observables — Rτ,V/A and spectral moments
— which provide independent constraints on αs(M2

τ ) and
thus an important test of consistency.

6.5 Measurement of Rτ and the moments

The ratio of non-strange hadronic width and electronic
branching ratio is calculated from the difference of the
ratio of the total hadronic width and electronic branching
ratio,

Rτ =
1 − B(τ− → e− ν̄eντ ) − B(τ− → µ− ν̄µντ )

B(τ− → e− ν̄eντ )

=
1

B(τ− → e− ν̄eντ )
− 1.9726

= 3.647 ± 0.014 , (20)

obtained from the world average value (3), and the strange
width ratio,

Rτ,S = 0.155 ± 0.008 , (21)
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Fig. 9. (V + A) weighted invariant mass-squared spectra for
k = 1, l = 0, . . . , 3 (without the pion pole) according to the
integrand in (19)

taken from [48], yielding the result

Rτ,V +A = 3.492 ± 0.016 . (22)

There is no advantage in including Rτ,S (or equivalently
using Rτ ) in this analysis, because the strange quark sec-
tor introduces another parameter, the strange quark mass,
which the additional data is used to fit [49]. Computing
the ratio of the inclusive vector and axial-vector branching
fractions taken from Table 1, to the electronic branching
fraction yields

Rτ,V = 1.775 ± 0.017 , (23)
Rτ,A = 1.717 ± 0.018 . (24)

The normalization according to (19) reduces consider-
ably the correlation between Rτ and the moments. It is
completely negligible in the (V + A) case where Rτ,V +A

is calculated from the difference Rτ − Rτ,S , which has no
correlations with the hadronic invariant mass spectrum.
Figure 9 shows the integrand in (19) for k = 1, l = 0, . . . , 3
as a function of s.

As can be concluded from (18), higher moments in l
determine higher dimensional OPE terms. The effect of
a variation of αs and, e.g., δ(8) on Rτ,V +A and the mo-
ments is shown in Fig. 10. It demonstrates the constraints
of the measured observables on the QCD quantities. The
central points and error bars are the theoretical predic-
tions for Rτ,V +A and the moments for some input val-
ues αs(M2

τ ), δ(4), δ(6) and δ(8), and the propagated errors
of one standard deviation (∆). The stars depict the shift
when changing αs → αs + 2∆αs, while the triangles show
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Rτ,V+A

3.4 3.45 3.5 3.55 3.6

D10,V+A

0.71 0.72 0.73

D11,V+A

0.15 0.155 0.16 0.165

D12,V+A

0.057 0.058 0.059 0.06

D13,V+A

0.025 0.026 0.027

Fig. 10. Effect of a αs → αs + 2∆αs (hollow stars) and
δ(8) → δ(8) +2∆δ(8) (hollow triangles) shift on Rτ,V +A and the
(V + A) moments (using FOPTCI). The points in the centres
give the unshifted reference values

Table 2. Spectral Moments of vector (V ), axial-vector (A)
and vector plus axial-vector (V + A) inclusive τ decays. The
errors give the total experimental uncertainties including sta-
tistical and systematic effects

ALEPH l = 0 l = 1 l = 2 l = 3

D1l
V 0.7173 0.1687 0.0529 0.0225

∆expD1l
V 0.0035 0.0006 0.0007 0.0006

D1l
A 0.7180 0.1472 0.0642 0.0306

∆expD1l
A 0.0040 0.0012 0.0007 0.0005

D1l
V +A 0.7177 0.1581 0.0585 0.0265

∆expD1l
V +A 0.0022 0.0006 0.0004 0.0004

what happens when shifting δ(8) → δ(8) +2∆δ(8). One ob-
serves that αs(M2

τ ) is primarily determined from Rτ,V +A

and the first moments D10
V +A, D11

V +A. On the other hand,
D12

V +A and D13
V +A constrain the high dimensional nonper-

turbative power terms, while their effect on αs(M2
τ ) is

weak.
The measured values of the moments for V , A and the

(V + A) spectral functions are given in Table 2 and their
correlation matrices in Table 3. The correlations between
the moments are computed analytically from the contrac-
tion of the derivatives of two involved moments with the
covariance matrices of the respective normalized invariant
mass-squared spectra. In all cases, the negative sign be-
tween the k = 1, l = 0 and the k = 1, l ≥ 1 moments is
understood to be due to the ρ and the π, a1 peaks which
determine the major part of the k = 1, l = 0 moments.
They are much less important for higher moments as one
can see in Fig. 9 and consequently the amount of negative
correlation increases with l = 1, 2, 3. This also explains
the large and increasing positive correlations between the

Table 3. Experimental correlations between the moments
Dkl

τ,V/A/V +A. There are no correlations between Rτ,V +A and
the corresponding moments

ALEPH D10
τ,V D11

τ,V D12
τ,V D13

τ,V

Rτ,V −0.56 0.33 0.58 0.56
D10

τ,V 1 −0.21 −0.87 −0.95
D11

τ,V – 1 0.63 0.39
D12

τ,V – – 1 0.96
D13

τ,V – – – 1

ALEPH D10
τ,A D11

τ,A D12
τ,A D13

τ,A

Rτ,A −0.52 0.24 0.48 0.56
D10

τ,A 1 −0.41 −0.81 −0.96
D11

τ,A – 1 0.83 0.51
D12

τ,A – – 1 0.90
D13

τ,A – – – 1

ALEPH D10
τ,V +A D11

τ,V +A D12
τ,V +A D13

τ,V +A

D10
τ,V +A 1 −0.30 −0.86 −0.96

D11
τ,V +A – 1 0.65 0.28

D12
τ,V +A – – 1 0.91

D13
τ,V +A – – – 1

k = 1, l ≥ 1 moments, in which, with growing l, the high
energy tail becomes more important than the low energy
peaks. The individual contributions to the total errors are
listed in Table 4 for the (V +A) case. One clearly sees the
dominance from the hadronic branching ratio uncertain-
ties which is also the only relevant error contributing to
Rτ,V/A.

The new measurement of the (V + A) spectral mo-
ments can be compared to publications which are already
available from ALEPH and CLEO (Fig. 11). The previous
ALEPH measurements contain the Cabibbo suppressed
final states so that the comparisons to CLEO and to this
analysis must be done with care. One observes a shift of
the first moment k = 1, l = 0 to lower values and, cor-
responding to their anti-correlations, larger values for the
k = 1, l ≥ 1 moments in the new analysis when com-
pared to the former ones. This is partially explained by
the different τ branching ratios used (see open circles in
Fig. 11) and the consideration of KK̄, KK̄π and KK̄ππ
contributions in this measurement.

6.6 The fits to the data
and the theoretical uncertainties

The combined fits to the measured V , A and (V + A)
ratios Rτ and moments adjust the parameters αs(M2

τ ),
〈(αs/π)GG〉, 〈O6〉V/A and 〈O8〉V/A of the OPE in the the-
oretical predictions (11) and (16) of the above quantities.

These predictions are subject to uncertainties which do
not differ qualitatively for either Rτ,V/A or the moments.
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D10(V+A) D11(V+A) D12(V+A) D13(V+A)

ALEPH 97

CLEO 95

ALEPH 93

0.72 0.74 0.15 0.155 0.16 0.055 0.06 0.02 0.025

Fig. 11. Measured spectral moments Dkl
V +A in comparison to results obtained in

previous analyses by CLEO in 1995 [3] and ALEPH in 1993 [2]. The ALEPH93 results
contain the strange modes. The open circles depict the present results applying the
branching fractions that have been used by CLEO95. As shown in Table 3, the
moments are strongly correlated

Table 4. Relative experimental errors (in %) in the (V + A) moments

Error source D10
τ,V +A D11

τ,V +A D12
τ,V +A D13

τ,V +A

Statistical error 0.10 0.12 0.18 0.35
Fake photons 0.08 0.09 0.10 0.21
ECAL energy calibration 0.03 0.06 0.08 0.20
ECAL energy resolution 0.07 0.08 0.17 0.35
Photon and π0 reconstruction 0.10 0.09 0.12 0.31
TPC momentum calibration 0.04 0.03 0.04 0.06
TPC momentum resolution 0.02 0.01 0.02 0.05
Unfolding 0.06 0.08 0.22 0.36
MC statistics 0.05 0.06 0.11 0.33
Branching ratios 0.24 0.32 0.58 0.95
Non-τ background 0.02 0.01 0.08 0.23
MC distributions 0.05 0.04 0.17 0.30

Total 0.31 0.39 0.72 1.31

However, quantitatively, one expects larger effects, e.g.,
from uncertainties in the perturbative series, on Rτ,V/A or
lower moments (l ' 0, 1). The translation from theoretical
errors on the perturbative predictions of Rτ,V/A to αs(M2

τ )
can be derived from (11,13,15). One obtains (setting K4 =
50 and αs(M2

τ ) = 0.35)

∆αs(M2
τ )

∆Rτ,V/A
≈
{

0.88 (FOPTCI)
0.56 (FOPT)

and ∆αs(M2
τ )/∆Rτ,V +A ≈ 0.44 (0.28) for FOPTCI

(FOPT).
The uncertainties entering the theoretical predictions

are estimated below. The errors used and their impact on
Rτ,V/A and αs(M2

τ ) are explicitly given in Table 5, while
the total theoretical errors on Rτ,V +A and the moments
are presented in Table 6. The correlation matrix of the
theoretical errors between Rτ,V +A and the moments is
given in Table 7.

– Physical constants. The relevant physical constants
are
(a) the CKM matrix element |Vud|,
(b) the electroweak radiative correction factor SEW,

(c) the light quark masses mu, md,
(d) the quark condensates.
Errors from the light quark masses are negligible while
the others, in particular ∆SEW, must be taken into
account (see Table 5). For the quark condensates which
contribute to dimension D = 4, the PCAC relation,

(mu + md)〈0|ūu + d̄d|0〉 ' −2f2
πm2

π , (25)

is used with the value for fπ given in Sect. 5. A the-
oretical uncertainty of 10% for the above relation is
assumed.

– Perturbative series. The errors in the truncated per-
turbative expansion originate mainly from the
unknown higher order expansion coefficient K4. The
authors of [50] advocate the principle of minimal sen-
sitivity (PMS) [51], which allows the computation of
a renormalization scheme (RS) with optimal conver-
gence, i.e., with minimal dependence on higher order
corrections. The difference between an observable cal-
culated using the PMS and the MS schemes can be
used to provide an estimate of the missing terms ac-
cumulated in K4. The procedure results in K4 ' 36.
In [52] an experimental estimate of K4 is performed
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Table 5. Sources of theoretical uncertainties and their impacts on Rτ,V +A and αs(M2
τ ) for

αs(M2
τ )= 0.35 and evolved to αs(M2

Z). The origins of the different errors are explained in the text.
The effects on Rτ,V/A are one-half of Rτ,V +A, while for V and A they are degenerate

∆theoRτ,V +A ∆theoαs(M2
τ ) ∆theoαs(M2

Z)Error source Value ± ∆theo

FOPTCI FOPT FOPTCI FOPT FOPTCI FOPT

SEW 1.0194 ± 0.0040 0.014 0.006 0.004 0.0006 0.0004
Vud 0.9752 ± 0.0007 0.005 0.002 0.001 0.0002 0.0001
K4 50 ± 50 0.027 0.023 0.012 0.007 0.0013 0.0007
R-scheme (RS) MS → PMS 0.022 0.035 0.010 0.010 0.0011 0.0011
R-scale µ Mτ → Mτ ± 0.7 0.011 0.051 0.005 0.014 0.0005 0.0015

Total errors 0.039 0.068 0.018 0.019 0.0019 0.0020

Table 6. Total theoretical errors for the vector, axial-vector and (V +A) ratios
Rτ and the moments (αs(M2

τ ) = 0.35 assumed)

ALEPH ∆theoRτ ∆theoD10
τ ∆theoD11

τ ∆theoD12
τ ∆theoD13

τ

VFOPTCI 0.019 0.0046 0.0038 0.0004 0.0003
AFOPTCI 0.019 0.0046 0.0033 0.0005 0.0003
(V + A)FOPTCI 0.039 0.0046 0.0035 0.0005 0.0003
(V + A)FOPT 0.084 0.0094 0.0042 0.0020 0.0010

using the a priori freedom of the choice of the renor-
malization scale µ to increase the sensitivity of the
perturbative series on K4. This yields K4 = 27 ± 5.
Motivated by the above and the expectation that the
perturbative series for δ(0) should have a constant sign
behaviour with increasing coefficients [53], K4 is cho-
sen to be 50 ± 50.

Another important point is the renormalization
scale (µ) dependence of the prediction expressed in
the RGE which governs the running of αs. Formally,
the integrals (14) in (13) also obey the RGE [7]. In a
truncated series the renormalization scale dependence
remains and is therefore an intrinsic uncertainty of the
theoretical prediction. In order to estimate its size, µ is
varied from Mτ to µ = 1.1 GeV and µ = 2.5 GeV [7].
When changing the µ scale, the coefficients Kn of the
perturbative expansion, as well as αs, are reexpressed
according to the RGE.

In addition to the renormalization scale depen-
dence, the arbitrariness of the choice of the renormal-
ization scheme leaves an ambiguity. Again an estimate
of its associated uncertainty is obtained by changing
the RS from MS to the PMS scheme. This transforma-
tion induces a reduction of αs(M2

τ ) of approximately
0.010 [55], which is taken as the corresponding uncer-
tainty.

– Nonperturbative operators. The OPE power terms
of dimensions D = 4, 6, 8 have no theoretical errors
since they are free varying parameters of the fits and
are therefore determined experimentally. Contri-
butions from higher orders have not been calculated
yet. However they can only contribute indirectly via
a logarithmic dependence on s to Rτ . The operators

Table 7. Correlations between Rτ,V +A and the moments from
theoretical uncertainties using FOPTCI

ALEPH Rτ,V +A D10
τ,V +A D11

τ,V +A D12
τ,V +A D13

τ,V +A

Rτ,V +A 1 0.91 −0.89 −0.65 −0.85
D10

τ,V +A – 1 −0.99 −0.63 −0.86
D11

τ,V +A – – 1 0.54 0.81
D12

τ,V +A – – – 1 0.89
D13

τ,V +A – – – – 1

of dimension D = 10 are then suppressed by (αs/π)2
/M10

τ ∼ 4 × 10−5, and thus neglected in this analysis.
Also neglected is any non-standard dimension D = 2
term (except for the quark masses). Such terms are
not generated by a dynamical QCD action and are
therefore absent in the SVZ approach. However they
are not ruled out experimentally and are still contro-
versial theoretically [56]. No additional theoretical er-
ror is introduced to cover the possible existence of a
δ(0) ∼ (Λ2/s) term from the first ultraviolet singular-
ity (renormalon) of the Borel resummed large-β0 ap-
proximation of the perturbative series [9]. Any such
uncertainty is assumed to be taken into account by
the error ascribed to K4.

In [57–59], Rτ has been calculated employing a renor-
malon resummation of δ(0) in the large-β0 limit. The re-
summation is performed by evaluating the integral of the
Borel transform in the large-β0 limit, where infrared (IR)
and ultraviolet (UV) singularities appear in the Borel
plane. The UV renormalons, situated outside the integra-
tion range, have alternating signs and can be resummed.
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RS-invariant large-β resummation (CI)
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Fig. 12. Perturbative contribution δ(0) to Rτ,V/A with differ-
ent approaches. “CI” means contour-improved. The fixed-order
PT curves are given for K4 = 50. Both large-β0 resummations
are corrected for the first three, exactly known fixed-order co-
efficients. Also shown is the result (26) of this analysis within
its estimated theoretical uncertainty

However, the IR renormalons lie inside the integration
range on the positive axis and give rise to nonperturba-
tive power contributions which are absorbed in the OPE.
The authors of [60] developed a RS-invariant all-orders
renormalon resummation.

Figure 12 shows the results for δ(0) using different
methods to evaluate the perturbative series. The fixed-
order PT corresponds to the Taylor expansion (15) and
the contour-improved prediction is (13) with a numeri-
cal evaluation of the A(n) integrals. These procedures are
applied here. The large-β0 limit resummed perturbative
prediction is taken from [58] and for the theoretical pre-
diction of the RS-invariant large-β0 resummed δ(0) the for-
mulae given in [60] are used. Both resummed predictions
are corrected for the first three, exactly known fixed-order
coefficients. Also shown is the fit result of this analysis
with its estimated theoretical uncertainty. It covers the
whole range of perturbative approaches presented above
within one standard deviation.

6.7 Results of the fits

The fit minimizes the χ2 of the differences between mea-
sured and fitted quantities contracted with the inverse of
the sum of the experimental and theoretical covariance
matrices taken from Tables 3 and 7.

The results are listed in Table 8. Table 9 gives the cor-
responding correlation matrices between the fitted param-
eters. The limited number of observables and the strong
correlations between the spectral moments explain the
large correlations observed, especially between the fitted
nonperturbative operators. The precision of αs(M2

τ ) ob-
tained with the two perturbative methods employed is
comparable, however their central values differ by about
0.02 as seen in Fig. 12. The differences between FOPTCI
and FOPT for the nonperturbative parameters are negli-
gible compared to their errors so that only the FOPTCI
values are given. The δ(2) term is the pure theoretical con-
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Fig. 13. Nonperturbative contributions δ
(6)
V/A

to Rτ,V/A. The
ellipse depicts the new ALEPH result. The strong correlations
of about 90% between δ

(6)
V and δ

(6)
A are found in an additional

fit in which Rτ,V and Rτ,A and moments are combined. See
Sect. 6.8.3 for a discussion of the precision shown here. The
references are: “ALEPH 93” [2], “ALEPH 95” [26], “Narison
95” [61] and “BNP 92” [5]

tribution from the known masses of the light u, d quarks.
No anomalous dimension D = 2 operator has been fitted
since empirically it is found to be degenerate to αs. The
δ(4) term receives contributions from the quark and gluon
condensates and the quartic light quark masses. While the
quark condensates and the quark masses are rather well
known and are fixed theoretically by (25), the gluon con-
densate is adjusted in the fit.

One notices a remarkable agreement within statisti-
cal errors between the αs(M2

τ ) values using vector and
axial-vector data. The results can be compared to the one
obtained in the previous ALEPH analysis [2] where, ap-
plying FOPTCI, the strong coupling was measured to be
αs(M2

τ ) = 0.330 ± 0.046 using the much smaller data set
of 8500 τ decays.

The total nonperturbative power contribution to
Rτ,V +A is compatible with zero within an uncertainty of
0.4%, that is much smaller than the error arising from
the perturbative term. The advantage of separating the
vector and axial-vector channels and comparing to the in-
clusive (V + A) fit becomes obvious in the adjustment
of the leading nonperturbative contributions of dimension
D = 6 and D = 8, which cancel in the inclusive sum. This
cancellation of the nonperturbative terms increases the
confidence on the αs(M2

τ ) determination from the inclu-
sive (V + A) observables. The gluon condensate is fixed
by the first l = 0, 1 moments which receive lowest or-
der contributions while it is suppressed in Rτ by (αs/π)2.
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Table 8. Fit results of αs(M2
τ ) and the OPE nonperturbative contributions from vector,

axial-vector and (V + A) combined fits using the corresponding ratios Rτ and the spectral
moments as input parameters. Where two errors are given they denote experimental (first
number) and theoretical uncertainties (second number). The differences between FOPTCI and
FOPT for the nonperturbative parameters are negligible compared to their errors. The δ(2)

term is the pure theoretical prediction. The quark condensates in the δ(4) term are fixed to
their theoretical values, (25), and only the gluon condensate is varied as a free parameter. The
total nonperturbative contribution is the sum δNP = δ(4) + . . . + δ(8)

ALEPH Vector (V ) Axial-Vector (A) V + A

αs(M2
τ ) (FOPTCI) 0.340 ± 0.016 ± 0.017 0.349 ± 0.015 ± 0.017 0.345 ± 0.007 ± 0.017

αs(M2
τ ) (FOPT) 0.320 ± 0.012 ± 0.019 0.328 ± 0.011 ± 0.019 0.322 ± 0.005 ± 0.019

δ(0) (FOPTCI) 0.198 ± 0.017 0.206 ± 0.018 0.202 ± 0.013
δ(0) (FOPT) 0.197 ± 0.025 0.206 ± 0.026 0.200 ± 0.022

δ(2) −(0.3 ± 0.3)×10−3 −(0.6 ± 0.3)×10−3 −(0.4 ± 0.2)×10−3

δ(4) (0.6 ± 0.8)×10−3 (−5.7 ± 0.9)×10−3 −(2.5 ± 0.8)×10−3

δ(6) 0.029 ± 0.004 −0.029 ± 0.004 0.001 ± 0.004
δ(8) −0.009 ± 0.001 0.008 ± 0.001 −0.001 ± 0.001

Total δNP 0.020 ± 0.004 −0.027 ± 0.004 −0.003 ± 0.004

χ2/d.o.f. 0.1/1 0.1/1 0.2/1

Table 9. Correlation matrices according to the fits presented in Table 8 for vector (left table), axial-
vector (middle) and (V + A) (right table) using FOPTCI. As the gluon condensate contributes only
insignificantly to δ(4), the correlations to the total δ(4) term are tiny

ALEPH 〈GG〉V δ
(6)
V δ

(8)
V 〈GG〉A δ

(6)
A δ

(8)
A 〈GG〉V +A δ

(6)
V +A δ

(8)
V +A

αs(M2
τ ) −0.24 −0.18 −0.11 −0.47 0.38 −0.38 0.14 −0.01 0.13

〈GG〉V/A/V +A 1 0.78 0.82 1 −0.85 0.90 1 −0.68 0.78
δ
(6)
V/A/V +A

– 1 −0.98 – 1 −0.98 – 1 −0.95
δ
(8)
V/A/V +A

– – 1 – – 1 – – 1

Taking the value obtained in the (V +A) inclusive fit and
adding as systematic uncertainties half of the difference
between the vector and axial-vector fits as well as the
FOPTCI and FOPT results, the gluon condensate is found
to be 〈(αs/π)GG〉 = (0.001 ± 0.015) GeV4. An interest-
ing observation is the alternating sign in both vector and
axial-vector cases between the δ(6) and δ(8) terms. This is
connected with the special form of the shape of Rτ,V (s0)
(Rτ,A(s0)) as a function of a varying “τ mass” s0 ≤ M2

τ , as
will be discussed in the following section. Figure 13 shows
the measured δ

(6)
A versus δ

(6)
V in comparison with other

estimations of both experimental and theoretical origin.
In order to check the consistency of the different ap-

proaches one can use either the normalization, i.e., the
ratio Rτ obtained from the hadronic branching ratios, or
the explicit form of the spectral functions, i.e., the spectral
moments. The value of αs(M2

τ ) can then be determined
using variables coming from only one of these inputs. This
is done for the (V + A) case for which contributions from
nonperturbative terms are small, so that the effect of addi-
tional theoretical assumptions are minimized. The results
of these fits using FOPTCI are shown in Fig. 14.

Rτ
V+A and Dkl,V+A

Rτ,V+A

Dkl,V+A

Rτ,V and Dkl,V

Rτ,A and Dkl,A

αs(Mτ)

ALEPH

0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44

Fig. 14. Results for αs(M2
τ ) using Rτ,V +A only, the moments

Dkl
V +A only and the combined information from vector and

axial-vector τ decays using FOPTCI. The measurements are
strongly correlated due to the dominant theoretical errors

As mentioned in the introduction, there exists no con-
straining prescription which allows a resolution of the am-
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biguity between FOPTCI and FOPT. The final result on
αs(M2

τ ) is thus the average of the two values given in
Table 8, with half of their difference added as theoretical
error. The evolution of the αs(M2

τ ) measurement from the
inclusive (V + A) observables based on the Runge-Kutta
integration of the differential equation to N3LO [44,64,
65,62,66] yields

αs(M2
τ ) = 0.334 ± 0.007exp ± 0.021theo

αs(M2
Z) = 0.1202 ± 0.0008exp ± 0.0024theo

±0.0010evol

(26)

The first error accounts for the experimental uncertainty,
the second number gives the uncertainty of the theoreti-
cal prediction of Rτ and the spectral moments as well as
the ambiguity of the theoretical approaches employed, and
the last error stands for possible ambiguities in the evo-
lution due to uncertainties in the matching scales of the
quark thresholds [66]. Effects associated with the trun-
cation of the RGE at O(α5

s) are small: the new N3LO
order [44] gives a tiny contribution of αs(M2

Z)3−loop −
αs(M2

Z)4−loop = 0.0003.
The results (26) are obtained using the world aver-

age value for the leptonic branching ratio (3). Employing
only ALEPH measurements [13,63] one obtains B(τ− →
e− ν̄eντ ) = (17.785±0.069)% resulting in αs(M2

τ ) = 0.335
±0.011exp ± 0.021theo. The evolution to the Z boson mass
yields αs(M2

Z) = 0.1204 ± 0.0013exp ± 0.0024theo
±0.0010evol.

One can express the value of αs(M2
τ ) in terms of the

MS renormalization scale ΛMS at four loop level. For the
result (26) with three active flavours one has

Λ
(3)
MS

= (370 ± 13exp ± 38theo) MeV . (27)

6.8 Test of the running of αs(s) at low energies

The analysis presented in the preceeding section indicates
that the framework of the perturbative expansion and the
OPE approach, used for the theoretical prediction of the
measured quantities, describes data phenomenologically.
The exclusive measurement of the vector and axial-vector
spectral functions allows further investigations of QCD
phenomena at low energies up to the τ mass.

6.8.1 Running using a hypothetical τ mass

Using the spectral functions, one can simulate the physics
of a hypothetical τ lepton with a mass

√
s0 smaller than

Mτ through (10). Assuming quark-hadron duality, the
evolution of Rτ (s0) provides a direct test of the running
of αs(s0), governed by the RGE β-function. On the other
hand, it is a test of the validity of the OPE approach in
τ decays. The studies performed in this section employ

3.2

3.4

3.6

3.8

4

4.2

0.5 1 1.5 2 2.5 3

Data (exp. err.)

Theory (theo. err.)

s0   (GeV2)

R
τ,

V
+

A
(s

0)

ALEPH

Fig. 15. The ratio Rτ,V +A versus the square “τ mass” s0.
The curves are plotted as error bands to emphasize their strong
point-to-point correlations in s0. Also shown is the theoretical
prediction using FOPTCI and the results for Rτ,V +A and the
nonperturbative terms from Table 8. The theoretical errors are
taken from Table 5
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Fig. 16. The running of αs(s0) obtained from the fit of the
theoretical prediction to Rτ,V +A(s0). The shaded band shows
the data including experimental errors. The curves give the
four-loop RGE evolution for two and three flavours
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Fig. 17. The ratios Rτ,V and Rτ,A versus the square “τ mass”
s0 for data and the theoretical prediction using the results of
Table 8
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only FOPTCI. Results obtained with FOPT are similar
and differ only in the central αs(M2

τ ) value.
The functional dependence of Rτ,V +A(s0) is plotted

in Fig. 15 together with the theoretical prediction using
the results of Table 8. The spread due to uncertainties
are shown as bands. In the (V + A) case, the experi-
mental errors are diminished by normalizing Rτ,V +A(s0 =
M2

τ ) to (22). The correlations between two adjacent bins
s1 < s2 are large as the only new information is provided
by the small mass difference between the two bins and
the slightly different weight function. They are reinforced
by the original experimental and theoretical correlations.
Below 1 GeV2 the error of the theoretical prediction of
Rτ,V +A(s0) starts to blow up due to the increasing un-
certainty from the unknown K4 perturbative term; errors
of the nonperturbative contributions are not contained in
the theoretical error band. Figure 16 shows the plot corre-
sponding to Fig. 15, translated into the running of αs(s0),
i.e., the experimental value for αs(s0) has been individu-
ally determined at every s0 from the comparison of data
and theory. Also plotted is the four-loop RGE evolution
using two and three quark flavours.

Figure 17 gives the vector and axial-vector ratios
Rτ,V/A as a function of s0 together with the corresponding
theoretical predictions using as input the fitted parame-
ters of Table 8. By construction data and theory converge
at M2

τ , but the observed agreement is much less stable
than in the (V + A) case. As a consequence one might
question the reliability of the OPE approach at the scale
M2

τ for vector or axial-vector only. On the other hand, the
agreement of the αs(M2

τ ) values for V and A (see Table 8)
may indicate that within the achieved precision, nonper-
turbative contributions are well absorbed by the dimen-
sion D = 6, 8 power terms. Nevertheless, the deviation
between data and theory observed implies that the values
of the fitted parameters should depend on the spectral
moments used, i.e., of the specific shape of the weighting
function inserted in the integral (16). These systematic
uncertainties are quantified in Sect. 6.8.3.

The experimental fact that the nonperturbative contri-
butions cancel over the whole range 1.2 GeV2 ≤ s0 ≤ M2

τ

leads to confidence that the αs determination from the
inclusive (V + A) data is robust.

6.8.2 Running via the integration range

Another definition of the evolution of Rτ (s0), which will
be denoted R̃τ (s0), is obtained by varying only the inte-
gration range of (10) for s0 < M2

τ whilst keeping s0 = M2
τ

in the integrand. This evolution technique differs intrinsi-
cally from the one applied in the previous section by the
choice of the weight function under the integral. It was
originally proposed in [6] and has been applied to data in
[67]. The integrals A(n)(αs) used in (13) to calculate the
contribution from perturbation theory become

Ã(n)(αs) =
1

2πi

∮
|s|=s0

ds

s

[
2(s0 − s)

M2
τ

− 2(s3
0 − s3)
M6

τ

+
s4
0 − s4

M8
τ

](
αs(−s)

π

)n
. (28)

In contrast to (12), in which the relative importance of
the dimensional OPE terms increases when decreasing s0,
here the nonperturbative contribution remains constant,
i.e., a series in powers of M−D

τ [6]. This property amplifies
the sensitivity of the observable to the perturbative part
assuming validity of the OPE expansion down to s0. How-
ever, for integration ranges s0 < M2

τ the above defined in-
tegrand does not suppress the correlation function on the
real axis and as a consequence the OPE might not be well
behaved [4,5]. Figure 18 shows the data distribution (with
error band) of R̃τ,V +A(s0) together with the various theo-
retical predictions (upper plot) and the ratios of data and
theory (lower plot). The experimental errors were again
diminished by normalizing R̃τ,V +A(s0 = M2

τ ) to (22).
The theoretical errors are given representatively for the
FOPTCI prediction. Included in the theoretical errors is
an s0-independent error of 0.4% for the nonperturbative
prediction. The RS-invariant and RS-dependent large-β0
resummation results are obtained using the formulae given
in [60] and [58], respectively. The adjusted αs(M2

τ ) values
which fit the theoretical predictions of R̃τ,V +A(M2

τ ) to
the data are: 0.345 (0.322) for the FOPTCI (FOPT) ap-
proach, see Table 8, and 0.349 (0.302) for the RS-invariant
(RS-dependent2) large-β0 resummation. One notices the
improved convergence of the contour-improved perturba-
tion theories compared to the FOPT expansion that blows
up at s0 < 0.5 GeV2 (Fig. 18). All theoretical approaches
with a contour-improved calculation of the complex inte-
gral have a similar shape and differ only in the total nor-
malization, i.e., αs(M2

τ ). Using the known FOPT expan-
sion coefficients up to order α3

s and adding the coefficients
obtained from the large-β0 resummation [58] gives quali-
tatively a similar curve as the truncated FOPT expansion
result, again with a different normalization [67].

The good agreement of FOPTCI for s0 > 0.8 GeV2

observed in Fig. 15 can be understood to be due to the ad-
ditional dependence of the nonperturbative contributions
on s0. The shortcomings of the perturbative prediction
at small energy is covered by the additional nonperturba-
tive degrees of freedom. The latter are not operational for
R̃τ,V +A(s0), although the s0 behaviour postulated by the
OPE is still assumed down to the smallest s0 values.

6.8.3 Systematic uncertainties from the OPE approach

The tests of the running of Rτ,V/A(s0) performed in the
previous sections revealed inconsistencies between data
and theory for the vector and axial-vector cases. Devia-
tions from the SVZ approach within the parametrization
of [5] introduce systematic uncertainties into the determi-
nation of αs and the non-perturbative power corrections.

2 The value of 0.302 for the large-β0 resummation differs
from Fig. 12 since the latter has been corrected for the first
three exactly known fixed-order coefficients. The corrected
value reads αs(M2

τ ) = 0.313
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a Fig. 18. R̃τ,V +A versus the integration range

s0. The hollow points depict the data distribution,
while the shaded band shows the FOPTCI predic-
tion with theoretical errors. The solid line gives the
FOPT expansion (15). Represented by the dashed
line is the RS-invariant, improved large-β0 resum-
mation technique of [60] and the dotted line gives
the large-β0 resummation of [58]. The lower plot
shows the ratio of the theoretical predictions to
the data where the dotted horizontal band shows
the uncertainties on the data points

Table 10. Systematic uncertainties due to deviations from
the OPE parametrization of [5]

V A V+A

∆αs(M2
τ ) 0.022 0.012 0.004

∆δ(6) 0.016 0.008 0.002
∆δ(8) 0.004 0.003 0.001

The amount of those effects can be evaluated by varying
the fit procedure used to determine Table 8. Fitting di-
rectly the Rτ,V/A/V +A curves shown in Figs. 15 and 17,
for energies between 0.8 GeV2 ≤ s0 ≤ M2

τ for (V +A) and
1.9 GeV2 ≤ s0 ≤ M2

τ for V/A, to the OPE improves the
agreement between data and theory in these limited en-
ergy intervals while it becomes worse at lower s0. Table 10
gives the systematic uncertainties due to the deviations of
the adjusted parameters from the results of Table 8. The
uncertainties on the vector and axial-vector nonperturba-
tive contributions found here are much larger than the
experimental and theoretical errors of the fit values (Ta-
ble 8). After adding these systematic uncertainties, the
total nonperturbative contributions become

δNP,V = 0.020 ± 0.017 , (29)
δNP,A = −0.027 ± 0.009 , (30)

δNP,V +A = −0.003 ± 0.005 . (31)

The good agreement between data and theory found for
the running of Rτ,V +A(s0) (Fig. 15) contributes negligible
uncertainties to the (V + A) fit errors of Table 8.

6.8.4 Direct test of the nonperturbative prediction

To test whether the D = 6 and D = 8 terms of the OPE
represent genuine nonperturbative contributions arising in
Rτ,V (s0) and Rτ,A(s0), one can use Rτ,V −A(s0) which is
independent of the perturbative contribution to all orders
in perturbation theory. Figure 19 shows Rτ,V −A versus
the hypothetical τ mass

√
s0. There is a positive remnant

of about two standard deviations at M2
τ and the range

of validity for the OPE, the latter shown by the dashed
line in Fig. 19, has become smaller. The disagreement be-
tween data and theory at energies below 2.5 GeV2 may be
due to an intrinsic problem of the SVZ approach. On the
other hand it could be generated by deviations of the di-
mension D = 6 contribution from the vacuum saturation
hypothesis adopted in [5]. Accounting for the neglected
logarithmic s dependence of the D = 6 and D = 8 Wilson
coefficients may improve the theoretical prediction.

It is instructive to perform a fit with a single power
term,

Rτ,V −A(s0) =
3
2
|Vud|2SEW

(
CD〈OD〉

s
D/2
0

)
, (32)

for the interval 2 GeV2 ≤ s0 ≤ M2
τ with the dimension D

and the term CD〈OD〉 as free parameters. The results are

D = 6.9 ± 0.9
CD〈OD〉 = 2.3 ± 0.7 , (33)

with an anti-correlation of 97% between the fitted quan-
tities. This supports the conjecture [4,5] of a dominant
power of dimension D = 6.
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Fig. 19. Difference of vector and axial-vector ratios Rτ,V −A

versus the “τ mass” s0. The solid line corresponds to the fit
(32, 33), while the dashed line shows the results of Table 8
obtained with the moments fit

7 Conclusions

Measurements are presented of the non-strange τ vector
and axial-vector current hadronic spectral functions as
well as their inclusive sum and difference. The distribu-
tions and corresponding error matrices can be obtained
as postscript and data files from the ALEPH publication
server on the WWW3.

The separation of vector and axial-vector spectral func-
tions allows to test chiral sum rules up to the τ mass.

The spectral functions and measurements of the ra-
tios Rτ,V/A/V +A of the vector and axial-vector hadronic
widths and the electronic width are exploited in order to
obtain a precise determination of the strong coupling con-
stant αs(M2

τ ). Since QCD is applied at a low energy scale,
nonperturbative effects are accounted for by the use of
the Operator Product Expansion (OPE), with coefficients
which can be fitted simultaneously with αs(M2

τ ).
The best and most robust determination of αs(M2

τ ) is
obtained from the inclusive (V + A) fit. Using the world
averages for the τ leptonic branching ratios and the τ life-
time to obtain Rτ yields αs(M2

τ ) = 0.334 ± 0.007 ± 0.021,
where the first error accounts for experimental and the
second for theoretical uncertainties. The result is the mean
value of those obtained using fixed-order perturbation the-
ory (FOPT) and contour-improved FOPT. Evolving the
above value from the τ to the Z mass scale gives αs(M2

Z) =
0.1202 ± 0.0008 ± 0.0024 ± 0.0010, where the last number
gives the evolution uncertainty. The total nonperturbative
contribution to Rτ,V +A is found to be compatible with
zero. However, the same fit using the exclusive vector and
axial-vector ratio Rτ,V/A and moments revealed that the
nonperturbative contributions, in particular of dimension
D = 6, are large, but almost exactly cancel out in the
inclusive sum.

3 http://alephwww.cern.ch/ALPUB/paper/paper.html

The spectral function measurement allows the possi-
bility to derive Rτ as a function of a variable “τ mass”
s0 ≤ M2

τ , taking advantage of the universal nature of the
measured spectral functions. This provides a direct test of
the running of αs(s0) which governs the evolution of the
theoretical prediction to values smaller than the τ mass.
Excellent agreement between the measured Rτ,V +A(s0)
and theory is found for the range of 0.8 GeV2 ≤ s0 ≤
M2

τ , below which Rτ,V +A(s0) starts to diverge due to the
influence of the ρ peak and the pion pole.

The evolution of the nonperturbative contributions as
a function of s0 can be accessed directly by consider-
ing Rτ,V −A(s0) in which perturbative contributions can-
cel. The fit of one operator with variable dimension to
Rτ,V −A(s0) yields D = 6.9 ± 0.9, in agreement with the
assumption of a dominant D = 6 contribution made in
the SVZ approach.
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Appendix
Table 1 lists the vector and axial-vector τ final states and
the corresponding branching ratios. The following modes
containing kaons are used as input into the sum of all
τ branching ratios normalized to one and for the experi-
mental subtraction of the Cabibbo suppressed modes. The
numbers are mainly taken from [48,11]. Some are obtained
from isospin considerations (see Sect. 4):

B(τ−→ K− ντ ) = (0.69± 0.03)%
B(τ−→ K∗ ντ ) = (1.27± 0.09)%
B(τ−→ K− 2π0 ντ ) = (0.09± 0.02)%
B(τ−→ K−π+π− ντ ) = (0.23± 0.05)%
B(τ−→ K0π−π0 ντ ) = (0.35± 0.08)%
B(τ−→ K−π−π+π0 ντ ) = (0.07± 0.05)%
B(τ−→ K−K0 ντ ) = (0.19± 0.04)%
B(τ−→ K−K+π− ντ ) = (0.16± 0.03)%
B(τ−→ K0K̄0π− ντ ) = (0.16± 0.03)%
B(τ−→ K−K0π0 ντ ) = (0.10± 0.05)%
B(τ−→ KK̄ππ ντ ) = 0.16 % (estimated)
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